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The transport behavior of a double quantum dot side-attached to a topological superconducting
wire hosting Majorana zero-energy modes is studied theoretically in the strong correlation regime. It
is shown that Majorana modes can leak to the whole nanostructure, giving rise to a subtle interplay
between the two-stage Kondo screening and the half-fermionic nature of Majorana quasiparticles. In
particular, the coupling to the topological wire is found to reduce the effective exchange interaction
between the two quantum dots in the absence of normal leads. Interestingly, it also results in an
enhancement of the second-stage Kondo temperature when the normal leads are attached. Moreover,
it is shown that the second stage of the Kondo effect can become significantly modified in one of
the spin channels due to the interference with the Majorana zero-energy mode, yielding the low-
temperature conductance equal to G = G0/4, where G0 = 2e
2/h, instead of G = 0 in the absence
of the topological superconducting wire. We also identify a nontrivial spin-charge SU(2) symmetry
present in the system at a particular point in parameter space, despite lack of the spin nor charge
conservation. Finally, we discuss the consequences of a finite overlap between two Majorana modes,
as relevant for short Majorana wires.
I. INTRODUCTION
Topological states of matter are in the center of cur-
rent research in condensed matter physics [1–3]. This is
due to the fact that such states are robust against de-
coherence and are thus very promising for applications
in quantum information and computation [4]. In this
regard, topologically-protected states that form at the
ends of one-dimensional topological superconductor, re-
ferred to as Majorana zero-energy modes [5], provide an
exciting example [6, 7]. The signatures of such Majorana
quasiparticles have been recently reported in a number
of experiments [8–16].
It has been demonstrated that the detection of Majo-
rana modes can be performed by measuring the current
flowing through an adjacent quantum dot [12]. It turns
out that the presence of Majorana zero-energy modes re-
sults in unique transport properties, including fractional
values of the conductance G [17–29]. It has been shown
that Majorana quasiparticles leaking into the neighbor-
ing dot weakly coupled to external contacts give rise
to G = (1/4)G0, where G0 = 2e
2/h [30, 31]. On the
other hand, in the strong coupling regime, the Majorana-
Kondo interplay determines the transport behavior of the
system [32–34]. At low temperatures, the quantum inter-
ference with a side-attached topological superconductor
results in G = (3/4)G0 [33]. Such fractional values of
conductance reveal a half-fermionic nature of Majorana
quasiparticles and may serve as signatures of the pres-
ence of these topologically-protected states in the system
[15, 35].
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In this paper we advance further the investigations of
interplay between the Majorana zero-energy modes and
correlations giving rise to the Kondo physics [36–38], fo-
cusing on the system built of a double quantum dot side-
coupled to a Majorana wire, as schematically shown in
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FIG. 1. (a) Schematic of the considered system. The first
quantum dot is coupled to the left and right metallic leads
with coupling strengths ΓL and ΓR, respectively. The second
dot is coupled to the first one through the hopping t and to
the Majorana wire by VM . The wire hosts Majorana quasi-
particles described by operators γ1 and γ2. (b) The linear
conductance as a function of VM and t calculated at temper-
ature T = 0.0005U . For parameters see the main text and
Fig. 3. Note that G changes monotonically between different
transport regimes.
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2Fig. 1(a). The double dot is assumed to form with ex-
ternal contacts a T-shaped geometry, where only one of
the dots is directly coupled to the leads, while the second
dot is attached indirectly through the first quantum dot.
This system, in the absence of Majorana wire, is known
to exhibit a nonmonotonic dependence of conductance
when lowering temperature due to the two-stage Kondo
effect [39–44]. Moreover, the interplay between the Fano
and Kondo effects in such systems was shown to give rise
to interesting spin-resolved transport behavior [45–47].
The main goal of this work is to uncover unique trans-
port features resulting from the presence of Majorana
quasiparticles and, in particular, to understand their in-
fluence on the two-stage Kondo effect. To achieve this
goal in the most accurate way, we make use of the nu-
merical renormalization group (NRG) method [48, 49].
We study the behavior of the spectral functions and the
temperature dependence of the linear conductance, which
reveal local extrema signaling the leakage of Majorana
quasiparticles into the double dot system. Interestingly,
we find that the quantum interference with Majorana
zero-energy mode half-suppresses the spectral features re-
lated to the second-stage Kondo effect, giving rise to the
fractional value of the linear conductance G = (1/4)G0.
This finding is presented in Fig. 1(b), which displays the
conductance as a function of coupling to Majorana wire
VM and the hopping between the dots t plotted on log-
arithmic scale. One can clearly identify three different
transport regimes. When the first-stage Kondo effect
dominates G = G0, on the other hand, when the sys-
tem is in the second-stage Kondo regime G becomes sup-
pressed and reaches G = 0. However, once the quantum
interference with the Majorana wire becomes relevant the
conductance is given by G = (1/4)G0. This change from
G = 0 to G = (1/4)G0 is a huge relative difference, giv-
ing better hope for an experimental observation as com-
pared to the reduction of conductance from G = G0 to
G = (3/4)G0, which is present in the case of a single
quantum dot variant of the system.
Moreover, we show that due to the presence of Ma-
jorana quasiparticles the spectral function exhibits a
unique five-peak structure, when the device is in the two-
stage Kondo regime. We also demonstrate that, contrary
to the expectations based on the analysis of excitation
spectrum of double dot decoupled from normal contacts,
increasing the coupling to topological superconductor ac-
tually enhances the second-stage Kondo temperature. A
somewhat similar effect has been predicted for single
quantum dots attached to Majorana wires, where an en-
hancement of the conventional Kondo temperature TK
was observed [26, 31, 33, 50]. In the T-shaped double
quantum dot setup, at T < TK , the spin of the second
dot becomes screened by Fermi liquid formed by many-
body Kondo state generated at the first quantum dot.
Increasing the coupling to Majorana wire results then in
an enhancement of the second-stage Kondo temperature
T ∗, similarly to the single quantum dot case where TK
increases with VM [26, 31, 33, 50]. At this point we would
like to note that transport properties of a similar double
dot system have been recently studied in the regime of
relatively large inter-dot hopping [28]. However, the in-
terplay of Majorana quasiparticles with the correlations
giving rise to the two-stage Kondo screening has not been
addressed so far, yet it manifest itself in spectral func-
tions of all the parts of the nanostructure, as explained
in Sec. IV A.
The paper is structured as follows. The model, method
and quantities of interested are presented in Sec. II. Then,
Sec. III is devoted to the analysis of eigenspectrum of the
effective Hamiltonian and the discussion of the effective
exchange interaction between the dots. Sec. IV contains
the main results of the paper and their discussion. Fi-
nally, the paper is summarized in Sec. V.
II. THEORETICAL DESCRIPTION
The considered system consists of a double quantum
dot in a T-shaped geometry, i.e. with only one quantum
dot attached directly to the leads and the second dot cou-
pled to the first one through the corresponding hopping
matrix elements. Additionally, the second quantum dot
is coupled to a topological superconducting wire hosting
Majorana zero-energy modes at its ends (Majorana wire).
The schematic illustration of this system is presented in
Fig. 1(a). The studied system can be described by the
following Hamiltonian
H = HLeads +HTun +HDDM. (1)
Here, the first term models the left (r = L) and right
(r = R) metallic leads as reservoirs of noninteracting
quasiparticles
HLeads =
∑
r=L,R
∑
kσ
εrkc
†
rkσcrkσ, (2)
where c†rkσ is the creation operator for an electron with
spin σ, momentum k and energy εrk in the lead r. The
second term of H accounts for tunneling processes be-
tween the double quantum dot-Majorana wire subsystem
and the normal leads. Because in the considered setup
only the first dot is directly coupled to electrodes, the
tunneling Hamiltonian simply reads
HTun =
∑
r=L,R
∑
kσ
vr
(
d†1σcrkσ + c
†
rkσd1σ
)
, (3)
with the corresponding tunnel matrix elements described
by vr and assumed to be momentum independent. The
operator d†1σ (d1σ) is the creation (annihilation) operator
of an electron with spin σ in the first quantum dot. The
coupling to external leads gives rise to the broadening of
the first dot level, which can be described by Γr = piρrv
2
r ,
where ρr is the density of states of a given lead. In these
considerations we assume a flat band of width 2D for each
3electrode and take ΓL = ΓR ≡ Γ/2. The band halfwidth
is hereafter used as the energy unit D ≡ 1.
Finally, the last term of the Hamiltonian H models
the double dot-Majorana wire subsystem, and it can be
written as
HDDM =
∑
j=1,2
∑
σ
εjd
†
jσdjσ +
∑
j=1,2
Ujd
†
j↑dj↑d
†
j↓dj↓
+
∑
σ
t(d†1σd2σ + d
†
2σd1σ)
+
√
2VM (d
†
2↓γ1 + γ1d2↓) + iεMγ1γ2. (4)
Here, d†jσ is the creation operator for a spin-σ electron on
dot j with the energy εj , and the two electrons residing
on the same dot interact with the Coulomb correlation
energy Uj . For the sake of clarity and convenience, we as-
sume U1 = U2 ≡ U . The two quantum dots are coupled
through the hopping matrix elements t. The coupling
to the Majorana wire is described by the penultimate
term of HDDM, where VM is the corresponding tunnel-
ing matrix element [17, 22, 33, 51, 52]. The Majorana
quasiparticles localized at the ends of the topological su-
perconductor wire are described by the operators γ1 and
γ2. The overlap between the wave functions of these two
quasiparticles is described by εM . When the length of the
Majorana wire is much larger than the superconducting
coherence length, the two Majorana quasiparticles do not
overlap and, consequently, εM = 0 [11]. In the opposite
case, εM is finite, which results in a splitting of the ener-
gies of the Majorana quasiparticles. In the following we
will refer to these two situations as the case of long/short
Majorana wire.
The Majorana operators γ1 and γ2 can be repre-
sented by a fermionic operator f as γ1 = (f
† + f)/
√
2
and γ2 = i(f
† − f)/√2, respectively. Then, the last two
terms of HDDM can be expressed as
√
2VM (d
†
2↓γ1 + γ1d2↓) = VM (d
†
2↓ − d2↓)(f† + f), (5)
iεMγ1γ2 = εM (f
†f − 1/2). (6)
We note that since the Hamiltonian of the double dot
coupled to normal leads possesses the full spin SU(2)
symmetry, one can choose the quantization axis in such
a way that only one of the spin components couples to
the Majorana mode [17, 33, 51]. In our considerations,
we assumed that the spin-down component is coupled to
Majorana quasiparticles, cf. Eq. (4). However, to make
the analysis more general, in Sec. IV D we also present
the results for the case when the Majorana zero-energy
modes are coupled to both spin projections [52].
In this paper we are mainly interested in the linear re-
sponse transport properties of the considered Majorana-
double dot structure. The linear conductance between
the left and right contacts can be then found from [53]
G =
e2
h
∑
σ
∫
dω [−f ′(ω)]piΓAσ(ω), (7)
where f ′(ω) is the derivative of the Fermi-Dirac dis-
tribution function. Aσ(ω) denotes the spectral func-
tion of the first quantum dot for spin σ, Aσ(ω) =
− 1pi ImGRσ (ω), where GRσ (ω) ≡ 〈〈d1σ|d†1σ〉〉Rω is the Fourier
transform of the retarded Green’s function GRσ (t) =
−iΘ(t)〈{d1σ(t), d†1σ(0)}〉. To obtain the most reliable
results and quantitatively understand the interplay of
strong electron correlations with the presence of Majo-
rana zero-energy modes, we use the numerical renormal-
ization group method [48, 49, 54]. In NRG calculations
we use the discretization parameter Λ = 2 and keep at
least 3000 states at each iteration. Moreover, to increase
the accuracy of the spectral functions, which are typically
subject to broadening issues [55], we average the data
over 4 discretizations [56] and use the optimal broaden-
ing method [57]. On the other hand, the results pre-
sented for the linear conductance are obtained directly
from the discrete NRG data, without the need of resort-
ing to broadening [58].
III. EFFECTIVE EXCHANGE INTERACTION
In general, the low-temperature transport behavior of
a system depends mostly on the low-energy part of the
spectrum. In the T-shaped double quantum dot in the
presence of normal leads the low-energy states relevant
for the two-stage Kondo regime are those consisting of
two singly-occupied quantum dots, organized into sin-
glet and triplet, split by the effective antiferromagnetic
exchange interaction Jeff ≈ 4t2/U [41]. This structure
remains untouched when the device is proximized by the
conventional superconductor, only the value of Jeff in-
creases (irrespective of the geometry), or even Jeff can
arise due to the coupling to a BCS-like superconductor
due to crossed Andreev reflection processes [59]. How-
ever, the situation qualitatively changes when the super-
conductor is topological.
To explore such a case, we define the basis states as
|χ1χ2nf 〉, where χ1 and χ2 are the local states of quan-
tum dots 1 and 2, with χi ∈ {0, ↑, ↓, 2}, and the Majo-
rana zero-energy modes are described by the occupation
of the auxiliary fermionic operator f , nf ∈ {0, 1}; cf.
Eqs. (5) and (6). The local Hamiltonian consists then of
32 states, nevertheless, the states relevant for the Kondo
regime still consist of half-filled quantum dots. There are
8 such states and we will refer to them as relevant states
henceforth.
Furthermore, since in the considered model the Ma-
jorana mode couples to one spin channel, the spin S is
no longer a good quantum number, nor are its compo-
nents. Thus, the structure of the eigenbasis cannot be
determined from the spin symmetry requirements. How-
ever, the system still exhibits two symmetries, namely,
related to the conservation of fermion number parity,
QP = (−1)Q [with Q = f†f +
∑
jσ d
†
jσdjσ denoting the
fermion number] and the conservation of the number of
4State QP I Iz Energy
α1|s,1〉 + β11(|↓20〉+|↑00〉)/
√
2 + β12(|2↓0〉+|0↑0〉)/
√
2 + β13(|021〉+|201〉)/
√
2 −1 0 0 E0++
α1|s,0〉 + β11(|↓21〉+|↑01〉)/
√
2 + β12(|2↓1〉+|0↑1〉)/
√
2 + β13(|020〉+|200〉)/
√
2 +1 0 0 E0++
α2| ↓↓ 1〉 + β21|↓00〉 + β22|0↓0〉 + β23|001〉 −1 1 −1 E1++
α3|t,1〉 + β31(|↓20〉−|↑00〉)/
√
2 + β32(|0↑0〉+|2↓0〉)/
√
2 + β33(|201〉−|021〉)/
√
2 −1 1 0 E1++
α4| ↑↑ 1〉 + β41|↑20〉 + β42|2↑0〉 + β43|221〉 −1 1 +1 E1++
α2| ↓↓ 0〉 + β21|↓01〉 + β22|0↓1〉 + β23|000〉 −1 1 −1 E1++
α3|t,0〉 + β31(|↓21〉−|↑01〉)/
√
2 + β32(|0↑1〉+|2↓1〉)/
√
2 + β33(|200〉−|020〉)/
√
2 −1 1 0 E1++
α4| ↑↑ 0〉 + β41|↑21〉 + β42|2↑1〉 + β43|220〉 −1 1 +1 E1++
TABLE I. The eight lowest-energy eigenstates of the local Hamiltonian, Eq. (4), obtained for ε1 = ε2 = −U/2, εM = 0 and
U1 = U2 = U . For brevity the following notation for the singlet and triplet states, |s, nf 〉 = (| ↓↑ nf 〉 − | ↑↓ nf 〉)/
√
2 and
|t, nf 〉 = (| ↓↑ nf 〉 + | ↑↓ nf 〉)/
√
2, was used. The first column presents the corresponding eigenstate, with αa and βab being
the coefficients of the corresponding states. I and Iz stand for the isospin quantum numbers. Note that for t, VM  U the
coefficient of the relevant state dominates, |αa| ∼ 1. Moreover, after neglecting βab the isospin I becomes equivalent to the
physical spin S.
spin-up electrons, N↑ =
∑
j d
†
j↑dj↑ [60, 61]. Moreover, for
half-filled quantum dots (obtained in the model by set-
ting ε1 = ε2 = −U/2) and long Majorana wire (εM = 0),
the Abelian symmetry related to the N↑ conservation is
generalized to the full SU(2) isospin symmetry with its z
component defined as
Iz =
∑
j
(d†j↑dj↑ − 12 ). (8)
The operators rising and lowering Iz can be defined as
I+ =
∑
j
d†j↑
[
dj↓ + (−1)jd†j↓
]
, (9)
and I− = (I+)†. Note that while the on-site ”spin-flip”
part of I+ (proportional to d
†
j↑dj↓) has always the same
sign, the ”charge-flip” term has an alternating sign, anal-
ogously to the charge SU(2) symmetry generators. Im-
portantly, the symmetry naturally extends to the full
Wilson chain representation of the Hamiltonian (1) used
in NRG calculations. This is done by allowing j to run
in the range [−2, N ] (with chain sites numbered from 0
to N), where j = −2 and j = −1 correspond to the sec-
ond and first quantum dot, which can be incorporated
into the chain, and identifying d−jσ with the operator
fjσ acting at the j-th site of the Wilson chain.
The isospin symmetry defined above can be easily rec-
ognized in the spectrum of the local Hamiltonian, HDDM.
Its eigenenergies have the form
EIξζ = −
U
2
(
1 +
ξ√
2
√
AI + ζ
√
BI
)
, (10)
where indices ξ, ζ take values ±1 and
A1 = 1 + 4(t
2 + 2V 2M )U
−2,
B1 = 1− 8(t2 − 2V 2M )U−2 + 16t2(t2 + 4V 2M )U−4,
A0 = A1 + 16t
2U−2,
B0 = B1 + 32t
2U−2 + 128t2(t2 + 4V 2M )U
−4,
are constants of the order of unity. The four combi-
nations of signs (ξ, ζ), together with four combinations
of isospin and its z-component (I, Iz) corresponding to
I ≤ 1, and double degeneracy due to QP , give all the
32 local states. The eigenenergies are plotted as a func-
tion of VM , together with their degeneracy, are shown in
Fig. 2.
For U  t, VM , the order of magnitude of the energies
given by Eq. (10) is determined by the signs of ξ and ζ.
The lowest energies correspond to ξ = +1 and ζ = +1,
then EI++ ∼ −U ; the other options lead to EIξζ ∼ −U/2
or EIξζ ∼ 0—up to the terms of the order of U−2. For
the analysis of the low-temperature properties only the
former of these are important. Those states, together
with their quantum numbers, are listed in Table I. Note,
that even though in general the eigenstates do not pos-
sess a definite spin S, when projected onto the subspace
spanned by the relevant states (when the coefficients βab,
defined in Table I, are neglected) they actually do, i.e.
0 0.1 0.2 0.3 0.4 0.5
-1
-0.5
0
0.5
1
0 0.1 0.2 0.3 0.4 0.5
0.037
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FIG. 2. The eigenspectrum of the double dot-Majorana wire
effective Hamiltonian, Eq. (4), calculated as a function of VM
for ε1 = ε2 = −U/2, t = 0.1U and εM = 0. The correspond-
ing energies given by Eq. (10) are indicated, together with
the degeneracy of states (numbers in brackets). The inset
presents the effective exchange interaction Jeff ≡ E1++−E0++.
5I multiplets correspond to S multiplets with I = S. In
general, however, each of the (I, Iz) eigenstates is a super-
position of a single relevant state with (S,Sz) = (I, Iz)
and a number of other states, as presented in Table I.
The relation between S and I allows us actually to
define the effective exchange interaction as the difference
between the energies of the low-energy isospin singlet and
triplet states,
Jeff ≡ E1++ − E0++
=
U
2
√
2
(√
A0 +
√
B0 −
√
A1 +
√
B1
)
≈ 4t
2
U
[
1−
(
2t
U
)2
+ 2
(
2t
U
)4
− 5
(
2t
U
)2(
2VM
U
)2]
+O(U−7). (11)
Note that the effect of coupling to topological supercon-
ductor becomes relevant only in the fifth order of expan-
sion with respect to 1/U . Clearly, from Eq. (11) one
can conclude that the coupling to the Majorana wire
slightly decreases the effective exchange interaction be-
tween the quantum dots. This can be explicitly seen in
the inset to Fig. 2, which presents the dependence of
Jeff = E
1
++−E0++ on VM . Despite very small magnitude
of the decrease of Jeff , one could expected a noticeable
decrease of T ∗, due to its exponential dependence on the
inter-dot exchange; cf. Eq. (13). Interestingly, this effect
is opposite to what happens in the presence of a con-
ventional superconductor [59, 62]. However, as shown
in the following by accurate NRG calculations, the de-
crease of bare exchange interaction becomes overwhelmed
by strong electron correlations. Actually, we demonstrate
that increasing the coupling to topological wire results in
an enhancement of the second-stage Kondo temperature
T ∗ instead of reduction, as one could expect from simple
analysis of HDDM spectrum, cf. Eq. (11).
We note that a similar effect has been predicted for
single quantum dots coupled to normal leads and a topo-
logical superconductor, where increasing the coupling to
Majorana wire gives rise to an enhancement of the Kondo
temperature [26, 31, 33, 50]. In the setup considered in
this paper, at energy scales below the first-stage Kondo
temperature TK , the double dot system can be viewed as
an effective single quantum dot attached to a conduction
band of width TK (resulting from Fermi liquid formed
by first quantum dot screened by lead conduction elec-
trons) and additionally coupled to Majorana wire. Then,
one could expect that increasing the coupling to topo-
logical wire would result in an increase of the relevant
Kondo temperature (the second-stage Kondo tempera-
ture T ∗), similarly as it does in the case of single quan-
tum dots [26, 31, 33, 50]. This picture wins over the
local-Hamiltonian perspective presented in this section,
as is shown by NRG calculations presented in the follow-
ing.
IV. NUMERICAL RESULTS AND DISCUSSION
We now turn to the numerical analysis of the transport
behavior of the considered system. First, we consider
the case of long Majorana wire and then also discuss
the situation when there is a finite overlap between the
Majorana quasiparticles. Finally, at the end, we examine
the case when the Majorana wire is coupled to both spin
projections of the double dot. To uncover the interplay
between the Majorana and Kondo physics, we study the
behavior of the relevant spin-resolved spectral functions
as well as the temperature and gate voltage dependence
of the linear conductance through the system.
To set the background for the following discussion, let
us begin with a short introduction to the case of VM =
0. As already mentioned in the Introduction, in such a
situation the system exhibits the two-stage Kondo effect,
which is governed by two energy scales, TK and T
∗ [41,
43]. With lowering the temperature, the Kondo effect
develops on the first quantum dot once T . TK , where
the first-stage Kondo temperature TK for ε1 = −U/2 can
be estimated from [63]
TK ≈
√
ΓU
2 e
−piU/8Γ . (12)
When the temperature is decreased further, such that
T . T ∗, the spin on the second quantum dot becomes
screened by the Fermi liquid formed by first dot strongly
coupled to the leads. The second-stage Kondo tempera-
ture T ∗ can be evaluated from [41, 42, 47]
T ∗ ≈ αTKe−βTK/Jeff , (13)
where α and β are constants of the order of unity and
Jeff ≈ 4t2/U . This consecutive screening results in a non-
monotonic dependence of the spectral function on energy,
see Fig. 3(a) for VM = 0, as well as a nonmonotonic tem-
perature dependence of the linear conductance; for G(T )
in the case of VM = 0 see Figs. 8(a). When T decreases,
the conductance initially increases due to the first-stage
Kondo effect, however, when the second spin experiences
screening at even lower temperatures, it effectively scat-
ters electrons transported through the central quantum
dot and G becomes suppressed.
As can be seen from Eqs. (12) and (13), both tem-
peratures strongly depend on the relevant tunnel ma-
trix elements and may be thus tuned by gate voltages.
Moreover, because T ∗ depends exponentially on the effec-
tive exchange interaction Jeff between the two quantum
dots generated by the hopping t, changing t results in
large changes in T ∗ [see also Fig. 8(a)]. We would also
like to notice that recently the two-stage Kondo effect
has been explored experimentally down to temperatures
much lower than T ∗ [64].
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FIG. 3. The normalized spectral function piΓAσ(ω) of the
first quantum dot for (left column) spin-up and (right column)
spin-down components. The first row presents the spectral
function plotted as a function of energy ω, where also the rel-
evant energy scales are marked by vertical dashed lines. The
next two rows display the density plots of the spectral func-
tion as function of energy and (c,d) the coupling to Majorana
wire VM for t/U = 0.025 and (e,f,) the hopping between the
dots for VM/U = 0.01. The other parameters are: U = 0.2D,
ε1 = ε2 = −U/2, Γ = 0.1U , where D is the band halfwidth
taken as energy unit D ≡ 1. Note the logarithmic scale on
the axes.
A. Spectral functions
The spin-resolved spectral function of the quantum dot
directly coupled to the normal leads is shown in Fig. 3.
The first row shows Aσ(ω) for representative values of the
coupling to Majorana wire VM and the hopping between
the dots t. There are three different energy scales in the
system that determine the transport behavior—these are
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FIG. 4. The same as in Fig. 3 calculated for the spectral
function of the second quantum dot A2σ(ω). The spectral
function is normalized to its value at the Fermi energy for the
spin-up component A2↑(0). Note that in order to resolve the
low-energy features in the density plots the color scale has
been limited to 1. However, the value of the spectral function
at resonances ω = ± − U/2 can exceed A2↑(0) depending on
t, as can be seen in (a) and (b).
marked with vertical dashed lines in Figs. 3(a) and (b).
In the case of t = VM = 0, the system exhibits the usual
spin-1/2 Kondo effect [37]. On the other hand, when
the hopping between the dots is finite but VM = 0, one
observes the conventional two-stage Kondo effect [41, 43],
see the blue line in the first row of Fig. 3. (Note, that
this line coincides with the green line for VM/U = 0.001
and t/U = 0.025 except for low energies in the spin-down
component.) As can be seen in the figure, the spectral
function first increases with lowering the energy ω, which
happens for ω . TK , but then starts to decrease once
ω . T ∗.
7The behavior of the spectral function changes when
the coupling to Majorana wire is present. Note that
in the effective Hamiltonian we assumed that the spin-
down component of the dot’s spin couples to the Ma-
jorana quasiparticles. Thus, the largest effects related
to the presence of topological superconductor can be ex-
pected in the behavior of A↓(ω). Nevertheless, finite VM ,
through the Coulomb correlations, also affects the other
spin component of the spectral function. As can be seen,
the spin-up spectral function exhibits the usual two-stage
Kondo dependence, with A↑(ω → 0) → 0. This is just
opposite to the case of the spin-down spectral function,
where finite values of VM result in A↓(0) = 1/(2piΓ).
Such a fractional value of the spectral function at the
Fermi energy is a direct signature of a half-fermionic na-
ture of Majorana quasiparticles. The coupling to Majo-
rana wire half-suppresses the second-stage of the Kondo
effect at a new energy scale ΓM resulting from the cou-
pling to topological superconducting wire. As a conse-
quence of this suppression, a five-peak structure can be
visible in the spectral function of the first quantum dot,
see the curves for VM/U = 0.001 and t/U = 0.025, and
for VM/U = 0.01 and t/U = 0.1 in Fig. 3(b). A↓(ω)
exhibits the usual Hubbard resonances for ω ≈ ±U/2
(note that ε1 = ε2 = −U/2). Then, with lowering ω,
A↓(ω) starts growing due to the Kondo effect, however,
it becomes suppressed once ω ≈ T ∗ due to the second-
stage Kondo screening, which results in a local maximum
around ω ≈ TK . With further decrease of ω, the Majo-
rana energy scale ΓM comes into play, destroying the
second-stage Kondo effect and resulting in a further res-
onance just at the Fermi energy. This happens when
the coupling to the Majorana wire is smaller than the
hopping t. On the other hand, when the coupling to Ma-
jorana wire is comparable to the hopping, see the case
for VM/U = t/U = 0.01 in Figs. 3(a) and (b), both spin
resolved spectral functions exhibit a four-peak structure
due to the two-stage Kondo effect. However, the spin-
down component does not drop to zero at the Fermi en-
ergy such as its spin-up counterpart, but retains finite
value of A↓(0) = 1/(2piΓ).
In turn, we analyze how the relevant energy scales
change with both VM and t. The second row of Fig. 3
presents the density plots of the spectral function versus
VM calculated for t/U = 0.025. For the spin-up com-
ponent, it is clearly evident that the coupling to Majo-
rana wire strongly affects the second stage Kondo tem-
perature T ∗, i.e. T ∗ grows with increasing VM . It is
also interesting to note that, although T ∗ strongly de-
pends on VM , the behavior of A↑(ω → 0) does not de-
pend on the coupling to the Majorana wire and one has
A↑(ω → 0)→ 0. In the case of A↓(ω), one observes that
for relatively small values of the coupling to Majorana
wire, the low-energy behavior of the spectral function
starts changing. A plateau of A↓(0) = 1/(2piΓ) develops
at low energies once the energy scale becomes smaller
than ΓM , see Fig. 3(d). With increasing VM further, ΓM
merges with T ∗ and the characteristic five-peak structure
disappears. Then, an enhancement of T ∗ with increasing
VM can be observed.
The dependence of Aσ(ω) on t for VM/U = 0.01 is pre-
sented in Figs. 3(e) and (f). Since T ∗ depends strongly on
t, the region of A↑(ω) ≈ 1/piΓ for T ∗ . T . TK shrinks
as t grows and, e.g. for t/U = Γ/U = 0.1, the spectral
function displays only a small resonance, see Fig. 3(e).
This is characteristic of the local singet regime, where the
Kondo effect on the first quantum dot does not develop,
but the two dots form a molecular singlet state. The
two-stage Kondo regime can be reached from this phase
by reducing the hopping t. We note that even though
this is a continuous crossover, it is related to switching
on or off many-body Kondo correlations. Namely, for
large t the Kondo effect is absent, while for small values
of the hopping between the dots the many-body Kondo
state develops. Interestingly, when T ∗ becomes larger
than the Majorana energy scale ΓM , an additional reso-
nance at the Fermi energy of halfwidth ∼ ΓM forms in
the spin-down spectral function.
To make the discussion more comprehensive, we now
analyze the behavior of the spectral function of the sec-
ond quantum dot A2σ(ω), which is presented in Fig. 4.
This figure is calculated for the same parameters as Fig. 3
and presents the same dependencies. The spectral func-
tion is normalized to the value of the spin-up component
taken at the Fermi energy A2↑(0). When the system is in
the two-stage Kondo regime, the spin-up spectral func-
tion displays a plateau at low energies of halfwidth ∼ T ∗.
On the other hand, the spin-down spectral function also
exhibits a plateau of the same width, but half-reduced
magnitude, i.e. A2↓(0) = A2↑(0)/2. This is the signa-
ture of the presence of Majorana zero-energy mode and
its half-fermionic nature. The density plots of A2σ(ω)
presented in Fig. 4 clearly reveal the behavior of the rel-
evant energy scales, which is similar to that shown in
Fig. 3. One can conclude, that the signatures of the Ma-
jorana physics are visible in the spectra of both quantum
dots, and it is not justified to prescribe the presence of a
Majorana quasiparticle to any of them.
Further insight into the leakage of Majorana states
into the double dot setup can be obtained from the
analysis of off-diagonal spectral functions, represent-
ing the correlations between the two quantum dots,
A12σ(ω) = − 1pi Im〈〈d1σ|d†2σ〉〉Rω , as well as between the
Majorana quasiparticle and electrons in the first and
second quantum dot, Aγ1↓(ω) = − 1pi Im〈〈γ|d†1↓〉〉Rω and
Aγ2↓(ω) = − 1pi Im〈〈γ|d†2↓〉〉Rω , respectively. These spectral
functions are presented in Figs. 5 and 6 for the same
parameters as used in Figs. 3-4. The spectral function
A12σ(ω) has been normalized by the hopping t, whereas
Aγj↓(ω) is normalized by VM . To facilitate the compari-
son, we have also included the corresponding dashed lines
presenting the relevant energy scales.
Let us begin the discussion with A12σ(ω), which de-
scribes the cross-correlations between the two quantum
dots. The spin-up component exhibits two patterns
at energies approximately corresponding to ±T ∗, which
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FIG. 5. The spectral function A12σ(ω) for (a,c) spin-up
and (b,d) spin-down components plotted as function of energy
and (a,b) the coupling to Majorana wire VM for t/U = 0.025
and (c,d) the hopping between the dots t for VM/U = 0.01.
The other parameters are the same as in Fig. 3. Note the
logarithmic scale on both axes.
strongly depend on the value of hopping and depart from
the Fermi energy as t grows, see Fig. 5(c). Finite coupling
to topological wire influences A12↑(ω) only for relatively
large VM & t, and shifts the resonances in |A12↑(ω)| to
higher energies, see Fig. 5(a). New features can be ex-
pected in the behavior of the opposite spin component,
which is directly coupled to the Majorana mode. Indeed,
in Fig. 5(b) one can see that, as VM increases, new res-
onances emerge at energy scale ω ≈ ±ΓM . Moreover,
similar features are visible in Fig. 5(d), which presents
A12↓(ω) calculated while changing the hopping between
the dots t. It can be nicely seen that only if the hopping
becomes relatively large, Majorana mode can leak into
the quantum dots. We also note that the features related
to the presence of Majorana modes result in the differ-
ence in the magnitude of spin components of A12σ(ω),
such that A12↑(ω)/A12↓(ω) = 2.
To examine how exactly the Majorana state appears
in the two dots, in Fig. 6 we show the correlation func-
tion between the Majorana quasiparticle and electrons in
each of the quantum dots. First of all, one can see that
the behavior of Aγ1↓(ω) is completely different compared
to that of Aγ2↓(ω), although the features related to Ma-
jorana mode occur at approximately comparable energy
scales in both spectral functions. While Aγ1↓(ω) displays
a plateau for |ω| . ΓM , Aγ2↓(ω) exhibits a peak/dip
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FIG. 6. The spectral functions (a,c) Aγ1↓(ω) and (b,d)
Aγ2↓(ω) plotted as function of energy and (a,b) the coupling
to Majorana wire VM for t/U = 0.025 and (c,d) the hopping
between the dots t for VM/U = 0.01. The other parameters
are the same as in Fig. 3. Note the logarithmic scale on both
axes.
for positive/negative energy when ω ≈ ±ΓM . The po-
sition of these features grows with VM , see the first row
of Fig. 6. The corresponding spectral functions plotted
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FIG. 7. The second-stage Kondo temperature T ∗ and the
Majorana energy scale ΓM plotted as a function of VM for
several values of the hopping between the quantum dots t.
The other parameters are the same as in Fig. 3. The solid
(dashed) line presents T ∗ (ΓM ). Note the logarithmic scale
in both axes.
9vs the hopping t are shown in the second row of the fig-
ure. It is seen that the energy associated with Majorana
features grows with t, however, once t & VM , the depen-
dence saturates, see Figs. 6(c) and (d).
Let us now examine how the magnitude of the second-
stage Kondo temperature T ∗ and the characteristic Ma-
jorana energy scale ΓM depend on the coupling to topo-
logical wire. There quantities as a function of VM are
shown in Fig. 7 and are plotted for selected values of
the hopping between the dots t. T ∗ was estimated as
an energy scale at which the spin-up spectral function
drops to half of its maximum value with decreasing the
energy ω. On the other hand, the Majorana energy scale
ΓM was determined from the energy at which the spin-
down spectral function drops from 1/(2piΓ) at ω → 0 to
the half of its minimum value as the energy increases,
cf. Figs. 3(a)-(b) and 4(a)-(b). Note that in this way we
can extract ΓM only for certain range of parameters, i.e.
when ΓM . T ∗.
It can be nicely seen that T ∗ ∝ V 2M for low values of
the hopping between the dots, i.e. when the increase
of T ∗ is just due to the coupling to Majorana wire, see
e.g. the case of t/U = 0.0025 in Fig. 7. However, when
t increases, a larger value of VM is needed in order to
affect T ∗. Nevertheless, once this happens, ΓM again
scales quadratically with VM . On the other hand, if T
∗
is relatively large, increasing VM does not have any effect
on the second-stage Kondo temperature, see the curves
for t/U ≥ 0.015 for low values of VM . In other words,
the influence of VM on the behavior of A↑(ω) is negligi-
ble. This is just contrary to A↓(ω), which exhibits then
new features due to quantum interference with Majorana
zero-energy mode, resulting in an additional resonance at
the Fermi energy. As can be seen in Fig. 7 where ΓM is
presented by dashed lines, ΓM ∝ V 2M , similarly to T ∗.
Note also that the Majorana scale does not depend on
the hopping between the dots—the curves presenting ΓM
for different t almost overlap, see Fig. 7.
As follows from the discussion presented in this sec-
tion, the signatures of Majorana states are clearly visible
in both quantum dots. Majorana correlations leak into
the double dot giving rise to unique spectral features,
which in case of Aσ(ω) and A2σ(ω) could be in princi-
ple probed with an STM tip. Importantly, all the spin-
down spectral functions reveal the energy scales related
to the Majorana zero-energy mode, which allows to con-
clude that Majorana correlations are present in the whole
nanostructure, not only at one of the quantum dots. Nev-
ertheless, because in our setup it is the spectral function
of the first dot, which is directly related to the conduc-
tance through the system, cf. Eq. (7), from now on let
us restrict ourselves to the discussion of the behavior of
Aσ(ω).
B. Linear conductance
The interplay between the Majorana and Kondo
physics gives rise to well-resolved features visible in the
behavior of the linear conductance through the system.
First, let us discuss the temperature dependence of G,
whereas later on we turn to the analysis of the conduc-
tance dependence on the gate voltage.
1. Temperature dependence
The spin-resolved linear conductance as a function of
temperature calculated for different values of hopping be-
tween the dots and the coupling to the Majorana wire is
presented in Figs. 8 and 9. While the first figure displays
G(T ) calculated for selected values of VM while tuning
t, the second figure presents a complementary picture:
G(T ) determined for a few values of t while changing
VM . These figures nicely demonstrate the evolution of
the relevant energy scales in the system.
The spin-up component of the linear conductance ex-
hibits a typical nonmonotonic dependence due to the two-
stage Kondo effect [41]. First, with lowering the temper-
ature, the conductance increases due to the Kondo effect,
however, around T ≈ T ∗, it starts to drop due to the sec-
ond stage of screening, at which the spin of the second dot
becomes screened. Since the second-stage Kondo temper-
ature depends strongly on the coupling to the Majorana
wire, increasing VM results in an enhancement of T
∗. As
a consequence, the maximum value of the conductance,
which develops for T ∗ . T . TK becomes reduced, see
the left columns of Figs. 8 and 9.
The enhancement of the second stage of Kondo screen-
ing with raising VM (due to the increase of T
∗) is clearly
visible in the left column of Fig. 9. This enhancement is
more pronounced when the hopping between the dots
is relatively small. As shown in Fig. 9(a), it is the
coupling to Majorana wire that actually generates the
second-stage of Kondo screening. This is because T ∗ for
t/U = 10−2 is smaller than the energy scale presented
in the figure. However, when t grows, larger values of
coupling to Majorana wire are needed in order to give
rise to an increase of T ∗. Nevertheless, the advantageous
impact of the coupling to the topological wire on T ∗ is
clearly visible.
On the other hand, the spin-down conductance reveals
much richer behavior due to the Majorana-Kondo inter-
play. When the hopping between the dots is relatively
small, see Fig. 9(e) for t/U = 0.01, T ∗ for VM = 0
is smaller than the energy range considered in the fig-
ure and a pronounced Kondo plateau is visible in the
conductance. Turning on the coupling to the Majorana
wire, results in a drop of conductance to G↓ = (1/4)G0
at the characteristic energy scale ω ≈ ΓM , which grows
with increasing VM . When the hopping between the dots
becomes increased, such that the second-stage Kondo
screening can be visible in the behavior of the spin-up
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FIG. 8. The temperature dependence of the linear-response
spin-resolved conductance through the double dot for (left
column) spin-up and (right column) spin-down components
calculated for different values of the hopping t between the
dots and the coupling to the Majorana wire VM , as indicated.
The other parameters are the same as in Fig. 3.
conductance, one can observe an interplay between the
Kondo effect and Majorana-induced quantum interfer-
ence. When ΓM . T ∗, a dip develops in the linear con-
ductance and G↓(T ) exhibits two local maxima, see e.g.
Figs. 8(f)-(g) and Figs. 9(f)-(g). On the other hand,
once ΓM & T ∗, the dip disappears and G↓(T ) reaches
G↓ = (1/4)G0 at very low temperatures.
While the dependence of conductance on temperature
for T & TK is almost the same for different values of t and
VM (for the range of parameters considered in Figs. 8 and
9), the behavior of low-temperature conductance is com-
pletely different. Figure 10 presents the linear-response
conductance for both spin components calculated at dif-
ferent temperatures while tuning both t and VM . Con-
sider first the spin-up conductance for low-values of VM ,
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FIG. 9. The same as in Fig. 8, now plotted for selected
values of the hopping between the dots t, while changing the
coupling to the Majorana wire VM .
see the left column of Fig. 10. By increasing the hopping
between the dots, the second-stage Kondo temperature
becomes enhanced, such that when T ∗ & T , G↑ drops
from (1/2)G0 to 0. Thus, the point when this drop is ob-
served is slightly different in each panel due to a different
value of temperature T . When the coupling to Majorana
wire increases, so does the second-stage Kondo tempera-
ture T ∗, such that the conductance drop is observed for
smaller values of t. In an extreme situation of very large
VM , if the temperature is sufficiently low, for all con-
sidered values of t one has T < T ∗, such that the con-
ductance stays suppressed due to the second-stage Kondo
effect, see Fig. 10(c) for VM & U/10. A somewhat similar
behavior can be observed in the spin-down conductance
component as far as the regions where G↑ = (1/2)G0 are
concerned, see Fig. 10. This is due to the fact that when
the hopping between the two dots is low, such that the
second-stage Kondo effect does not develop, the influence
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FIG. 10. The linear-response conductance calculated as a
function of the hopping between the dots t and the coupling
to the Majorana wire VM for different temperatures, as in-
dicated. The left (right) column presents the spin-up (spin-
down) contribution. The other parameters are the same as in
Fig. 3. Note the logarithmic scale for both t and VM .
of the coupling to the Majorana wire is rather negligi-
ble since the Majorana wire is coupled directly only to
the second quantum dot. It is therefore clear that the
influence of presence of Majorana mode will be most re-
vealed in the parameter regime where the system exhibits
the two-stage Kondo effect. Consequently, one observes
a completely different behavior in the parameter space
where G↑ ≈ 0, cf. the left and right column of Fig. 10.
As can be clearly seen, with increasing VM , there is a
value of VM at which the conductance increases from 0
to (1/4)G0. At lower temperatures, smaller values of VM
result in the corresponding change of conductance, which
is due to the fact that the condition ΓM & T can be sat-
isfied for smaller values of VM .
2. Gate voltage dependence
Let us now discuss the gate voltage dependence of the
linear-response conductance. In the following we consider
the case when the level of the first quantum dot is tuned,
while the level of the second dot is at half filling. The
spin-resolved conductance as a function of ε1 calculated
for selected values of both t and VM at extremely low yet
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FIG. 11. The conductance plotted as a function of the
position of the first quantum dot level ε1 for ε2 = −U/2
and for selected values the coupling to Majorana mode VM ,
while changing the hopping between the dots t. The other
parameters are the same as in Fig. 3 with T = 10−6D.
non-zero temperature T = 10−6U is shown in Figs. 11
and 12. Both spin-up and spin-down conductances ex-
hibit the Kondo plateau for small values of t and VM in
the transport regime where the first dot is singly occu-
pied. When the hopping between the dots increases, for
VM = 0, the Kondo plateau becomes distorted and the
conductance suppression develops due to the two-stage
Kondo effect, see Fig. 11(a). This suppression becomes
more effective when the coupling to Majorana wire is
turned on, however, then a clear difference between the
spin components shows up. In the spin-up channel, in-
creasing t and/or VM , generally results in larger suppres-
sion of the conductance in the singly-occupied first dot
regime, i.e. for −U . ε1 . 0. This is related to the corre-
sponding increase of T ∗, as already discussed in previous
sections. Similarly to the case ε1 = ε2 = −U/2 con-
sidered so far, also for other values of ε1 finite coupling
to the Majorana wire enhances T ∗ and can suppress the
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FIG. 12. The same as in Fig. 10, now plotted for selected
values of hopping between the dots t, while changing the cou-
pling to Majorana mode VM .
conductance through the system; see e.g.Fig. 12(a)
On the other hand, in the case of spin-down conduc-
tance one can see that once the second-stage Kondo effect
comes into play in the spin-up channel, i.e. suppression
of conductance takes place, G↓ reaches a fractional value
of (1/4)G0. This is a direct fingerprint of the leakage
of Majorana quasiparticle into the double-dot structure.
Consequently, with increasing VM , the total conductance
saturates at (1/4)G0. Moreover, when the coupling to the
Majorana wire grows further, this value becomes stabi-
lized in the whole region of the gate voltage and the con-
ductance hardly depends on the occupation of the first
quantum dot. Similar effect has been predicted for sin-
gle dots coupled to Majorana wire [26, 31, 33, 50]. Here,
we demonstrate that the Majorana zero-energy mode can
leak through the dot directly coupled to topological su-
perconductor further into the nanostructure, and give
rise to fractional values of conductance.
C. Short Majorana wire case
The interplay between the Majorana and Kondo corre-
lations described in the previous sections can be greatly
affected in the case of relatively short topological super-
conducting wires. Then, a finite overlap between the
wave functions of the two Majorana quasiparticles γ1 and
γ2, described by εM , can emerge. As shown in the follow-
ing, such overlap has a strong influence on the quantum
interference responsible for fractional values of the con-
ductance. In fact, such a strong dependence has already
been reported theoretically in the case of single quantum
dots coupled to external contacts and to the Majorana
wire [22, 33, 65, 66]. To examine the influence of the
overlap εM on the transport behavior of the considered
double-dot-Majorana setup, in Fig. 13 we show the en-
ergy dependence of the spin-resolved spectral function,
while Fig. 14 presents the temperature dependence of
the linear conductance through the system. These figures
were plotted based on calculations performed for selected
values of εM while changing the hopping between the dots
and for fixed coupling to Majorana wire, VM/U = 0.01.
The two figures are complementary in the sense that the
temperature dependence of the conductance basically re-
sembles the behavior of the spectral function, except for
the fact that some features are smeared out by thermal
fluctuations. The case of εM = 0 presented in the first
row of Figs. 13 and 14 is just for reference, to help iden-
tifying the impact of finite overlap on the behavior of
Aσ(ω) and Gσ.
The influence of εM on the spin-up component can be
observed in the left column of Figs. 13 and 14. A small
local minimum can be seen at the energy scale corre-
sponding to εM . Interestingly, below this energy scale
the interference with the Majorana mode becomes sup-
pressed and the behavior of both A↑(ω) and G↑ starts
resembling that in the case of VM = 0. This is espe-
cially visible for εM/U = 10
−3, which is presented in
Figs. 13(d) and 14(d), where the dependence of the
quantities of interest is very similar to that depicted
in Figs. 3(a) and 8(a), respectively. Note also that
this apparent switching off of the Majorana leakage may
lead to additional nonmonotonic behavior of the relevant
spectral function if the energy scales happen to fulfill
T ∗(VM = 0) < εM < T ∗(VM ); see e.g. the curve for
t = 0.01U in Fig. 14(b).
The destructive influence of the overlap εM on the
quantum interference with Majorana mode is also visible
in the spin-down component of both the spectral func-
tion and the conductance, which are presented in the
right columns of Figs. 13 and 14. Now, a local minimum
at the energy scale of εM can also be observed, see e.g.
the case for εM/U = 10
−5. Moreover, below this energy
scale the behavior of A↓(ω) and G↓ becomes compara-
ble to that in the case of VM = 0, i.e. the conductance
becomes fully suppressed for large t and T . εM . If the
overlap is increased further, see the case of εM/U = 10
−3,
the behavior of transport quantities resembles that in the
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FIG. 13. The normalized spectral function piΓAσ(ω) for the
spin-up (left column) and spin-down (right column) compo-
nents calculated for different values of the overlap between the
Majorana zero-energy modes εM and the hopping t between
the two dots, as indicated. The parameters are the same as
in Fig. 3 with VM/U = 0.01.
absence of coupling to the Majorana wire, except for an
additional local maximum visible in both A↓(ω) and G↓
at the energy scale corresponding to εM . This result sug-
gest that even strongly overlapping Majorana mode may
partially leak into the attached quantum dot.
D. Majorana wire coupled to both spins
Finally, in this section we analyze the case when the
Majorana quasiparticle couples to both spin projections
of the double dot. We thus assume that there is a fi-
nite spin polarization of Majorana modes p and express
the double dot-Majorana coupling, cf. Eq. (5), as [26],∑
σ VMσ(d
†
2σ−d2σ)(f†+f), where VM↓ = (1−p)VM and
0
0.1
0.2
0.3
0.4
0.5
(a)
0
0.1
0.2
0.3
0.4
(b)
0
0.1
0.2
0.3
0.4
(c)
10-6 10-4 10-2 100
0
0.1
0.2
0.3
0.4
(d)
0
0.1
0.2
0.3
0.4
0.5
(e)
0
0.1
0.2
0.3
0.4
(f)
0
0.1
0.2
0.3
0.4
(g)
10-6 10-4 10-2 100
0
0.1
0.2
0.3
0.4
(h)
t/U=0
t/U=0.01
t/U=0.015
t/U=0.02
t/U=0.025
t/U=0.0375
t/U=0.05
t/U=0.0625
t/U=0.075
t/U=0.1
!M/U=0
!M/U=10-5
!M/U=10-4
!M/U=10-3
T/U T/U
G#/G0
<latexit sha1_base64="OR/dZnNHthfTK+AiEHFUbN0YMTM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiZS0WXBRV1WsA9oQ 5hMJ+3QySTMTFpK6J+4caGIW//EnX/jtM1CWw9cOJxz78y9J0g4U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjO7nfntMpWKxeNLThHoRHggWMoK1kXzbrvu9fjwRWMp4clX3Hd8uOxVnAbRO3JyUIUfDt7/MAySNqNCEY6W6rp NoL8NSM8LprNRLFU0wGeEB7RoqcESVly02n6ELo/RRGEtTQqOF+nsiw5FS0ygwnRHWQ7XqzcX/vG6qwzsvYyJJNRVk+VGYcqRjNI8B9ZmkRPOpIZhIZnZFZIglJtqEVTIhuKsnr5PWdcWtVm4eq+VaNY+jCGdwDpfgwi3U4AEa0AQCY3iGV3izMuvFerc+lq0FK585hT+ wPn8A9l2TLw==</latexit>
G"/G0
<latexit sha1_base64="2QLWMexnaxdc1zs1QfkXn7e+twI=" >AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU92Vih4LHuqxgv2Adl2yabYNzSZLkrWU0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQl n2rjut5NbW9/Y3MpvF3Z29/YPiodHTS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weDvzW09UaSbFgxkn1I9xX7CIEWys9FgLummC lZKji1rgBsWSW3bnQKvEy0gJMtSD4le3J0kaU2EIx1p3PDcx/gQrwwin00I31TTBZIj7tGOpwDHV/mR+9RSdWaWHIqlsCYPm6u+J CY61Hseh7YyxGehlbyb+53VSE934EyaS1FBBFouilCMj0SwC1GOKEsPHlmCimL0VkQFWmBgbVMGG4C2/vEqal2WvUr66r5SqlSyOP JzAKZyDB9dQhTuoQwMIKHiGV3hzRs6L8+58LFpzTjZzDH/gfP4A6SaSFw==</latexit>
FIG. 14. The linear-response conductance calculated as a
function of temperature for different values of the overlap εM
and the hopping between the dots t, as indicated. The left
(right) column presents the spin-up (spin-down) component.
The parameters are the same as in Fig. 3 with VM/U = 0.01.
VM↑ = pVM .
The spin-resolved spectral functions calculated for dif-
ferent values of polarization parameter p are shown in
Fig. 15. This figure clearly illustrates the five-peak struc-
ture in the behavior of the spectral function. The case
of p = 0 corresponds to no spin polarization of Majorana
quasiparticles—the Majorana wire couples only to spin-
down electrons. On the other hand, the case of p = 1
corresponds to the situation when Majorana modes are
coupled only to spin-up electrons in the double dot. One
can see that now the spin-up spectral functions exhibits
all the features discussed previously for A↓(ω). When the
spin polarization increases from p = 0 to p = 1, the peak
at the Fermi energy due to quantum interference with
Majorana mode is continuously transferred between the
two spin components, such that for 0 < p < 1, the five-
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FIG. 15. The normalized spectral function piΓAσ(ω) for
(a) the spin-up and (b) spin-down components calculated for
different values of the spin polarization p of the Majorana
modes, as indicated. The parameters are the same as in Fig. 3
with VM/U = 0.001 and t/U = 0.025.
peak structure is visible in both spin-resolved spectral
functions. Note, however, that the total spectral func-
tion, and consequently the total conductance, does not
depend on p.
V. SUMMARY
In this paper we have examined the transport behavior
of a double quantum dot in a T-shaped geometry, side-
attached to a topological superconducting wire hosting
Majorana zero-energy modes. The considerations were
performed by using the numerical renormalization group
method, which allowed us to accurately determine the
behavior of the spin-resolved spectral functions and the
linear-response conductance of the system. We have fo-
cused on the transport regime where the system exhibits
the two-stage Kondo effect and investigated the influ-
ence of the coupling to Majorana wire on this Kondo
phenomenon, considering both long and short Majorana
wire cases. In the former case, the quantum interfer-
ence with the Majorana quasiparticle gives rise to a half-
suppression of the second-stage of Kondo effect, which
results in a fractional value of the low-temperature con-
ductance G = (1/4)G0, where G0 = 2e
2/h. This phe-
nomenon develops at a new energy scale ΓM ∝ V 2M as-
sociated with the coupling to Majorana wire described
by hopping amplitude VM . We have shown that the
Majorana-Kondo interplay can give rise to an additional
resonance in the local density of states for energies lower
than the Majorana scale ΓM . This can be interpreted as
a Majorana mode leaking further into the nanostructure,
for it determines the low-temperature spectral proper-
ties of the first quantum dot, while the Majorana wire
is coupled to the second quantum dot. At the same
time, spectral density of the second dot is reduced by
a half, proving that both dots can exhibit signatures of
the Majorana physics at the same time. On the other
hand, when there is an energy splitting εM of Majorana
modes due to a finite overlap of their wave functions,
the quantum interference becomes suppressed and the
system exhibits the usual two-stage Kondo effect for en-
ergies smaller than εM . Interestingly, both the conduc-
tance and spectral function exhibit a local maximum at
the energy scale corresponding to εM .
Our findings demonstrate that the low-temperature
transport behavior of T-shaped double quantum dots
attached to Majorana wires exhibits some unique fea-
tures due to the leakage of Majorana quasiparticles into
the double dot system. First of all, fractional values of
the conductance develop in the Majorana-Kondo regime.
Moreover, the presence of topological superconductor
increases the second-stage Kondo temperature through
subtle renormalization effects, even though the relevant
local exchange interaction is reduced. On the other hand,
in the case of relatively short wires, a local maximum de-
velops in the conductance for temperatures correspond-
ing to the overlap between the two Majorana zero-energy
modes. These signatures provide further examples of
unique transport behavior due to the presence of Ma-
jorana zero-energy modes.
We would also like to notice that in the case of consid-
ered double quantum dot system the presence of Ma-
jorana quasiparticles results in a huge relative change
of the low-temperature linear conductance [G increases
from 0 to (1/4)G0], opposite to single dots where the
relative change is much smaller [G drops from G0 to
(3/4)G0]. The fractional conductance through T-shaped
double quantum dot may thus serve as another impor-
tant fingerprint of the presence of Majorana zero-energy
modes in the system.
Finally, a comment on the intricate interplay of the
three relevant energy scales determining the transport
behavior, i.e. the coupling to topological wire VM , the
effective exchange interaction Jeff between the dots and
the second-stage Kondo temperature T ∗, is due. Despite
the fact that VM slightly decreases the bare exchange in-
teraction between the quantum dots, accurate numerical
analysis has revealed an enhancement of the second-stage
Kondo temperature. This tendency may seem natural if
one accepts the fact that finite VM facilitates the devel-
opment of the Kondo effect in the single quantum dot
case [31, 33, 50], however, it could not be inferred from
perturbative analysis. It is thus not possible to a priori
determine the fate of T ∗, in particular to know if this
effect is sufficient to overcompensate for the reduction of
Jeff without numerical analysis. Actually, only after care-
ful and extensive examination of the system’s parameter
space have we concluded that the tendency for increase
of T ∗ with VM is indeed always the case. However, the
precise explanation why this is so needs further exami-
nation.
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